I. INTRODUCTION
In nonmetallic solids, thermal energy is predominantly carried by lattice vibrations, or phonons. In a perfectly harmonic defect-free crystal lattice, phonons would propagate without scattering, yielding an infinite thermal conductivity. Anharmonicity of the lattice leads to interaction of lattice waves with each other, referred to as phonon-phonon scattering. Debye 1 made the first attempt to explain a contribution to the thermal conductivity of solids based on anharmonicity, using an elastic continuum model. However, Debye's paper contains a mistake, as was shown by Peierls in his fundamental work on the thermal conductivity of crystals. 2 In an elastic continuum, no thermal resistance can arise from anharmonicity alone; it is the discrete nature of the crystal lattice that makes anharmonic thermal resistance possible.
An important concept from Peierls' paper, invariably invoked in explaining how anharmonic phonon interactions in the crystal lattice lead to a finite conductivity, is that of normal vs umklapp phonon-phonon scattering. 3 The majority of textbooks 4-10 present a simple picture according to which normal (N) processes conserve the phonon momentum and, consequently, do not contribute to the thermal resistance. In contrast, umklapp (U) processes, in which the wave vector conservation involves a reciprocal lattice vector, change the momentum, thereby causing thermal resistance. Deceptively appealing though it seems, this description quickly runs into a number of conceptual problems once we dig a little deeper. Incidentally, Peierls himself 11 emphasized that the analogy with momentum conservation "must not be taken too seriously," and that the distinction between N and U processes depends on our convention in choosing the basic cell of the reciprocal lattice. Some textbooks [12] [13] [14] follow Peierls in providing a nuanced discussion, and concede that the distinction between N and U processes is "to some extent artificial." 14 In the following, we will show that a discussion of the nuances is indeed necessary, and that the appeal of simplicity of the "momentum conservation" argument does not justify the conceptual confusion that results. In essence, this paper represents a guide to readers who may be confused by the present exposition of the subject from most sources, and also an appeal to teachers and future textbook writers to set things straight.
II. DIFFICULTIES WITH "MOMENTUM CONSERVATION"
The standard explanation of the distinction between N and U processes [4] [5] [6] [7] [8] [9] [10] is illustrated in Figs. 1(a) and 1(b). Consider, for example, a three-phonon scattering process in which two phonons of angular frequencies x 1 and x 2 merge into one of angular frequency x 3 . In such a process, energy conservation takes the form
In an N-process, momentum conservation expressed in terms of corresponding phonon wave vectors takes the form
whereas in a U-process there is a nonzero reciprocal lattice vector G on the right-hand-side:
As can be seen in Fig. 1(b) , the latter process results in redirecting the phonon momentum to a value different from k 1 þ k 2 , from which the German term "umklapp" meaning "flip over" was coined. (Although, strictly speaking, flipping over takes place only if k 1 þ k 2 is collinear with G.) It is of course recognized 13, 15 that the phonon "momentum" is not the true momentum. Since a lattice vibration is not accompanied by mass transfer (unless the crystal moves as a whole), the net mechanical momentum of a phonon is in fact zero. 15 This is particularly evident for a transverse phonon, in which the particle motion is perpendicular to the wave vector. Rather, we are talking about a quasimomentum or "crystal momentum" given by hk, with h the reduced Planck constant. The phonon wave vector k is not uniquely defined in either magnitude or direction; rather it is defined modulo G, a reciprocal lattice vector, which means that wave vectors k and k þ G are equivalent. 16 Consequently, the quasimomentum is only defined modulo hG.
Thus defined, the quasimomentum ought to be conserved in any phonon scattering process, be it an N-process or a Uprocess. We can always add a reciprocal lattice vector G to either side of a quasimomentum conservation equation, since wave vectors are only defined up to G. What, then, is the quantity that is conserved in an N-process but not conserved in a U-process? A quick inspection shows that it is the sum of reduced wave vectors (or "reduced momenta") defined within the primitive cell of the reciprocal lattice. However, the definition of the reduced wave vector depends on the choice of the primitive cell, and even though the first Brillouin zone (BZ), corresponding to a Wigner-Seitz cell in the reciprocal lattice, is normally taken as the primitive cell, we are not bound to this choice. A different choice of the primitive cell will turn some normal processes into umklapp processes and vice versa: 12 for example, the U-process of Fig. 1(b) becomes an N-process in (c) and (d). But then how can there be any physical difference between N and U processes (e.g., "non-resistive" vs "resistive") if their definition depends on the choice of primitive cell? A related problem arises from the fact that, for a given primitive cell, an infinitesimal change in a phonon wave vector will turn a nonresistive N-process into a resistive U-process.
A further difficulty is illustrated in Fig. 2 , which shows a possible three-phonon scattering process in silicon where two identical longitudinal acoustic (LA) phonons merge into a longitudinal optical (LO) phonon in a normal process conforming to Eq. (2). However, note that the group velocity of the LO phonon, defined by the slope of the dispersion curve, is opposite in direction to that of the original LA phonons. Consequently, upon scattering, energy is carried in the opposite direction. Is this a non-resistive or a resistive process?
Thus, under closer consideration, the seemingly simple and appealing "momentum-conservation" argument leaves one in a state of confusion, with a number of conceptual questions unanswered. 17 
III. GROUP VELOCITY AND THE EFFECT OF A SCATTERING EVENT ON THE HEAT FLUX
We will try to resolve the conceptual difficulties on two levels: the level of an individual scattering event, and the level of the statistical properties of a phonon distribution in which many scattering events are taking place. On the first level, the question raised with respect to Fig. 2 hints that the group velocity is a key to resolving the difficulties. Indeed, the contribution of a phonon to the heat flux is equal to the product of phonon's energy hx and its group velocity v g . Arrows show a collinear N-process whereby two identical LA phonons with frequencies x 1 and wave vectors k 1 merge to yield a LO phonon of frequency x 3 ¼ 2x 1 and wave vector k 3 ¼ 2k 1 . The group velocity of the LO phonon is opposite to that of the LA phonons; therefore, the energy flow direction is "flipped." Points C and X correspond to the BZ center and boundary, respectively. Consequently, the total heat flux carried by phonons is given by the sum of hxv g over all phonons:
where v g is the phonon group velocity, n k is the phonon occupation number in wave vector space, and the summation over phonon branches is implied. Unlike the phonon wave vector the group velocity is known unambiguously, and thus Eq. (4) yields a uniquely defined measurable quantity. In the simplest model of the phonon dispersion based on the Debye model of specific heat, phonons have a linear dispersion with a slope given by a constant velocity v. In this case, within the first BZ, the group velocity equals the phase velocity and the product xv g equals the reduced phonon wave vector k times v 2 . Consequently, the heat flux is indeed given, up to the factor hv 2 , by the sum of reduced wave vectors.
14 In this case, normal processes conserve the heat flux while umklapp processes would not, because flipping the reduced wave vector would entail flipping the group velocity. However, in the single-velocity Debye model Uprocesses are in fact impossible because the requirements of energy and quasimomentum conservation can only be satisfied by collinear N-processes. 19 A modification of the Debye model that allows for the existence of separate longitudinal and transverse acoustic branches enables U-processes. 19 Remarkably, however, as soon as we have two branches, the argument that the "momentum conservation" preserves the direction of the energy flow at the level of an individual scattering event breaks down. Consider, for example, a collinear scattering process illustrated in Fig. 3 , with an LA phonon with wave vector k 3 decaying into LA phonon k 1 and TA phonon k 2 . Energy and quasimomentum conservation for this normal process leads to relationships
where s ¼ v T =v L is the ratio of transverse and longitudinal acoustic velocities. The contribution of phonons k 1 and k 2 to the heat flux is then
For s ¼ 1=2, the contribution of the two created phonons to the heat flux will be zero, and for s < 1=2, which is not uncommon, the contribution to the heat flux will flip direction with respect to k 3 . The reason for the flipping is that although k 1 is much smaller than k 2 in magnitude, its contribution to the energy flux is larger because of the larger velocity. Let us now address the question of whether an infinitesimal change in the wave vectors turning an N-process into a U-process produces any finite physical effect. This is indeed the case in the Debye model, which has an unphysical discontinuity of the dispersion slope at the BZ boundary that must be introduced in order to make the dispersion periodic in reciprocal space, as seen in Fig. 3 . In real materials, the group velocity is continuous across the BZ boundary, hence normal and umklapp processes separated by an infinitesimal interval across the BZ boundary are indistinguishable. 13 In the words of Peierls, 11 "there is no important physical difference between processes in which the sum k 1 þ k 2 just remains within the basic cell, and those in which it falls just outside."
Thus, no clear distinction between N and U processes can be drawn, which is consistent with the fact that their definition depends on the choice of the primitive cell. Does, then, the concept of N and U processes have any utility outside the Debye model? To answer this question we need to look beyond the individual scattering event, which brings us to the main subject of Peierls' paper, 2 in which the concept of umklapp processes was introduced-the statistical effect of scattering processes on a phonon distribution.
IV. LOOKING DEEPER: STATISTICAL EFFECT OF SCATTERING PROCESSES
Peierls showed that if umklapp processes are not allowed, then thermal equilibrium cannot be established, and an initial heat flux (in the absence of an external temperature gradient) will never fully dissipate. 2, [11] [12] [13] This is a statistical statement applied to the effect of many scattering processes on the phonon distribution rather than to a single scattering event. An intuitive explanation of this result is as follows. 11, 12 By restricting scattering processes to within the primitive cell we enforce the conservation of the sum of the reduced wave vectors. Since in a perturbed state, this quantity will generally be different from that in equilibrium, the return to equilibrium from an arbitrary perturbed state is thus rendered impossible. 20 It has been shown 13 that in the absence of Uprocesses a perturbed state will relax to a "displaced" BoseEinstein distribution,
where k is the reduced wave vector and the constant vector c is chosen to make the sum of the reduced wave vectors correct. This distribution will, in general, support a non-zero heat flux 12, 13 that will never vanish. Does this mean that an unambiguous distinction between N and U processes can be made after all, if only in a statistical sense? The answer is no, as the result discussed above does not depend on the choice of the primitive cell. It is not the difference between U and N processes that matters (because any U-process can be turned into an N-process by a different choice of the primitive cell), but the fact we have effectively put a "fence" around a primitive cell (any primitive cell) that restricts phonon-phonon scattering to Nprocesses inside this cell; it is this restriction that prevents the perturbed system from returning to thermal equilibrium. Peierls' result holds for any primitive cell, even though the definition of N and U processes depends on the primitive cell choice.
Even though from the formal point of view the choice of the primitive cell is arbitrary, one centered at k ¼ 0 is the natural choice (whether it is the first BZ or not). Such a choice corresponds to the only situation that involves "disallowed" umklapp scattering encountered in nature, namely, the case of low temperatures, when only low wave vector states around k ¼ 0 are populated. For a primitive cell containing a large enough neighborhood around k ¼ 0, such as those shown in Figs. 1(a) and 1(c) , U-processes are "frozen out" at low temperature owing to the lack of a high wave vector phonon population. Thus, even though a rigid distinction between N and U processes cannot be made, describing low-frequency acoustic phonon interactions as N-processes is justified when analyzing thermal conductivity at low temperatures. It is in this context that the designation "N-processes" is used for practical purposes. It would still be possible to define N and U processes for the primitive cell shown in Fig. 1(d) and, if we found a way to prevent the thus-defined U-processes from occurring, N-processes would not lead to a finite thermal conductivity. However, since there is no known physical way to eliminate U-processes for this primitive cell, such a description would lack practical utility. N-processes can only be said not to contribute to thermal resistance when U-processes are absent. However, once umklapp processes do occur, both N and U processes contribute to establishing thermal equilibrium and to a thermal resistance. 18 Remarkably, N-processes contribute to thermal resistance even within the Debye model when they do not have any direct effect on the heat flux. 19, 21 An instructive case in point is the combined effect of phonon-phonon scattering and the scattering from lattice imperfections at low temperatures considered by Peierls himself. 2 As we discussed, if the temperature is low enough, U-processes are frozen out and N-processes alone do not lead to a finite thermal conductivity. Elastic scattering from lattice defects, on the other hand, changes the direction of the reduced wave vector (and of the group velocity) and should be considered a "resistive" process. It turns out, however, that scattering by defects alone also fails to produce a finite thermal conductivity. The reason is a divergence at low frequencies 22 owing to the defect scattering probability scaling as k 4 . It is only by acting together that the two effects result in a finite conductivity. 2, 15, 18 In outline, defect scattering establishes an isotropic distribution for high-frequency phonons while N-processes establish equilibrium between low-and high-frequency phonons.
Although the formal theory of thermal conductivity due to phonon-phonon scattering has been well established through Peierls' work, 2 actual calculations for real materials based on this theory have until recently remained beyond reach. 23 A significant recent development has been the advent of abinitio calculations of lattice thermal conductivity that implement an exact iterative solution based on Peierls' formalism and use interatomic force constants from density functional calculations. 24, 25 The formalism of the theory does not distinguish between N and U processes, therefore their relative role is not directly obvious from the numerical results. Ward and Broido 26 shed light on this issue by comparing the exact calculations with the relaxation-time approximation (RTA), in which the thermal conductivity is given by
where C k is the mode specific heat, s RTA is the single-mode relaxation time, and a summation over phonon branches is implied. These researchers found that the thermal conductivity of Si above 100 K closely obeys Eq. (8) with the relaxation time given by
where s N and s U are obtained from normal and umklapp scattering rates, respectively. The exact solution and the RTA yielded similar results for 100-800 K. Equation (9) implies that for the purposes of calculating the thermal conductivity in this relatively high temperature case, normal and umklapp processes are indistinguishable. Moreover, it was found that about 50% of the room temperature thermal conductivity of Si is attributable to low-frequency phonons (below $2 THz), for which normal scattering dominates and s RTA is mainly determined by N-processes. Thus at high temperatures, when phonon states up to the BZ boundary are populated, drawing a line between N and U processes hardly serves any practical purpose. Consequently, the widely used term "umklapp resistance" 15 is somewhat misleading; 27 "anharmonic resistance" or "resistance due to phononphonon scattering" would seem to be more appropriate.
V. CONCLUSIONS
In conclusion, no rigid line between N and U processes can be drawn because their definition depends on the choice of the primitive cell of the reciprocal lattice. However, choosing a primitive cell centered around k ¼ 0 is recommended for analyzing thermal conductivity at low temperatures when U-processes become "frozen out." N-processes alone do not create thermal resistance, but they do contribute to thermal resistance when U-processes (or scattering from defects or impurities) are present. At temperatures comparable to or greater than the Debye temperature the distinction between N and U processes becomes blurred and loses practical utility.
Conceptual difficulties arise from attempts to explain a result from statistical mechanics obtained by Peierls in a simple and visually appealing way by drawing diagrams of two individual scattering processes. Sometimes, such simplistic explanations of complicated results are useful; indeed, in the physics curriculum, nuances are often sacrificed for the sake of clarity, and rightly so. The problem with the "momentum conservation" picture given in the majority of textbooks is that the conceptual clarity is sacrificed together with the nuances. The fact that the quasimomentum is not uniquely defined in either magnitude or direction is key to understanding wave propagation in periodic media. The argument that "momentum conservation" leads to preserving the direction of the energy flow is misleading and plainly inaccurate. Equally misleading is the simplistic view that N-processes do not contribute to thermal resistance. It would be incorrect to think that the issues here are of a mainly theoretical nature with little practical consequence. For example, it has been argued that the phonon mean free path relevant for thermal conductivity calculations is determined by U-processes alone.
